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Abstract
Among various barycentric coordinates and their extensions, the linear and cubic (Hermite) Gordon-Wixom transﬁnite interpolation
schemes deliver the most accurate approximations of the harmonic and biharmonic functions, respectively. However interpolation
properties of the original Gordon-Wixom interpolations are studied for convex domains only and, therefore, their current practical
importance is limited. In this paper, we propose simple modiﬁcations of the Gordon-Wixom interpolation schemes, study their
properties, and show how they can be used for approximating solutions to the Poisson and inhomogeneous biharmonic equations.
Our modiﬁed Gordon-Wixom interpolations are easily extended to non-convex domains and, according to our experiments, deliver
more accurate approximations of the harmonic and biharmonic functions compared with the original Gordon-Wixom schemes. We
also demonstrate how our approach can be used for approximating the distance function.
Keywords: Linear and cubic transﬁnite barycentric coordinates, pseudo-harmonic and pseudo-biharmonic interpolation schemes.
1. Introduction
In recent years, generalized barycentric coordinates have
drawn a signiﬁcant interest as a promising computational tool
in the ﬁelds of computer graphics, image processing, and com-
putational mathematics [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. See also
references therein. While various generalized barycentric inter-
polation schemes were known since 1970s [11, 12], their cur-
rent widespread use was initiated by seminal works of Warren
[13] and Floater [14].
This paper is partially inspired by very recent applications
of generalized barycentric coordinates in ﬁnite element meth-
ods [15, 16, 17, 10] where Wachspress’s and Floater’s mean
value coordinates are considered. As the starting point of our
study, we have chosen the Gordon-Wixom interpolation sch-
eme [11] which is capable of reproducing harmonic functions
if the interpolation domain is a disc (a ball in 3D). This makes
the Gordon-Wixom approach potentially promising for approx-
imating solutions of elliptic partial diﬀerential equations.
The basic idea behind the Gordon-Wixom interpolation sch-
eme is simple and elegant. Consider a planar convex domain Ω
and a function u, deﬁned on ∂Ω. Given a point x insideΩ, let us
consider a straight line Lθ passing through x, making an angle θ
with some ﬁxed direction, and intersecting ∂Ω in two points y1
and y2 and use the linear interpolation between u(y1) and u(y2)
to obtain an estimate u(x, θ) associated with direction θ. Now
circular averaging of u(x, θ) w.r.t. θ yields the Gordon-Wixom
interpolation of function u(·) from ∂Ω to x ∈ Ω. See Fig. 1 for
an illustration.
Generalizations of the Gordon-Wixom interpolation scheme
were studied in [18, 19]. In particular, Manson et al. [19]
introduced a weighted circular averaging procedure which al-
Figure 1: Left: the main idea behind the Gordon-Wixom interpolation scheme
consists of combining the linear interpolation and circular averaging. Right:
extending Gordon-Wixom type interpolation schemes to non-convex domains.
See the main text for details.
lows them to extend the Gordon-Wixom interpolation scheme
into non-convex domains while keeping the weights positive.
Gordon and Wixom themselves [11] extended their interpola-
tion procedure to Hermite interpolation. Very recently Floater
[20] demonstrated that their Hermite interpolation scheme re-
constructs biharmonic functions in the case when the interpola-
tion domain Ω is a disk.
In this paper, we consider simple modiﬁcations of the or-
dinary and Hermite-type Gordon-Wixom interpolation scheme
and reveal their links with ﬁnite diﬀerence approximations of
the Laplacian and bi-Laplacian. It allows us to demonstrate
that those modiﬁed Gordon-Wixom interpolation schemes are
very useful for approximating solutions to the boundary value-
problems involving the Laplacian and bi-Laplacian operators.
In particular, our numerical experiments show that our modi-
ﬁcations demonstrate better approximation properties than the
original Gordon-Wixom interpolation schemes.
The main tools we use to build our modiﬁcations of the lin-
ear and cubic Gordon-Wixom interpolation schemes are Taylor
series expansions and certain simple mean-value formulas for
the Laplacian and bi-Laplacian operators (these simple mean-
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value formulas can be generalized for anisotropic diﬀusion op-
erators [21, 22] which are widely used in image processing).
Results of our numerical experiments demonstrate high ac-
curacy of the linear and cubic modiﬁed Gordon-Wixom inter-
polation schemes for rounded domains and domains with small
diameters. Thus it seems promising to combine our interpo-
lation schemes with polygonal ﬁnite elements for eﬃcient nu-
merical solving of PDEs involving the Laplacian, bi-Laplacian,
and there generalizations. Another interesting application of
our approach consists of using modiﬁed linear Gordon-Wixom
interpolation schemes for distance function approximation, see
Section 5 of this paper for details.
The rest of the paper is organized as follows. In Section 2
we introduce a modiﬁed version of the linear Gordon-Wixom
interpolation scheme and extend it to non-convex domains. Sec-
tion 3 is devoted to cubic (Hermite-type) Gordon-Wixom in-
terpolation and its modiﬁcation. Results of our numerical ex-
periments are presented and discussed in Sections 4 and 5. In
particular, in Section 5 we demonstrate how the modiﬁed linear
Gordon-Wixom interpolation scheme can be used for approxi-
mating the distance function. We brieﬂy conclude in Section 6.
2. Gordon-Wixom interpolation and its extensions
Let Ω ⊂ R2 be a bounded convex domain. Given a point
x inside Ω, consider the unit vector e
θ
which makes an angle
θ with some prescribed direction. Let the straight line through
x determined by e
θ
intersect the boundary ∂Ω in two points y1
and y2. Denote by ρ1 and ρ2 the distances from x to y1 and y2,
respectively. Given u(y1) and u(y2), one can estimate u(x) using
the linear interpolation between u(y1) and u(y2)
u(x, θ) =
[
u(y1)
ρ1
+
u(y2)
ρ2
]/ [
1
ρ1
+
1
ρ2
]
(1)
Now circular averaging w.r.t. θ deﬁnes the Gordon-Wixom in-
terpolation
u(x) =
1
2π
∫ 2π
0
{[
u(y1)
ρ1
+
u(y2)
ρ2
]/ [
1
ρ1
+
1
ρ2
]}
dθ (2)
Pseudo-harmonic interpolation. It turns out that the Gordon-
Wixom interpolation scheme is closely connected with the har-
monic interpolation. Indeed, the second-order directional deriva-
tive of u(x) in the e
θ
-direction can be approximated by
∂2u
∂e2
θ
(x) ≈ 2
ρ1ρ2
{[
u(y1)
ρ1
+
u(y2)
ρ2
]/ [
1
ρ1
+
1
ρ2
]
− u(x)
}
. (3)
Note that
1
π
∫ 2π
0
∂2u
∂e2
θ
(x) dθ =
1
π
∫ 2π
0
(
cos θ
∂
∂x1
+ sin θ
∂
∂x2
)2
dθ = Δ.
Now let us approximate the second-order directional derivatives
of u(x) by ﬁnite diﬀerences. For s1, s2  1, the Taylor series
u(x + s1) = u(x) + s1u′(x) +
s21
2
u′′(x) +
s31
6
u′′′(x) +
s41
24
u(4)(x) + . . . (4)
u(x − s2) = u(x) − s2u′(x) +
s22
2
u′′(x) − s
3
2
6
u′′′(x) +
s42
24
u(4)(x) + . . . (5)
lead to the following standard approximation for u′′(x)
2
s1s2
{[
u(x + s1)
s1
+
u(x − s2)
s2
]/ [
1
s1
+
1
s2
]
− u(x)
}
which becomes (3) if we apply (4) and (5) in the direction de-
ﬁned by e
θ
and set ρ1 = s1 and ρ2 = s2.
One can hope that (3) still holds in some sense even when
ρ1 and ρ2 are not small. Now averaging of (3) w.r.t. θ leads to
an approximation of Δu(x) by
1
π
∫ 2π
0
2
ρ1ρ2
{[
u(y1)
ρ1
+
u(y2)
ρ2
]/ [
1
ρ1
+
1
ρ2
]
− u(x)
}
dθ.
Mimicking the harmonic interpolation for which
Δu(x) = 0,
we arrive at the following transﬁnite interpolation formula
u(x) =
2π∫
0
{[
u(y1)
ρ1
+
u(y2)
ρ2
] / [
1
ρ1
+
1
ρ2
]}
dθ
ρ1ρ2
/ 2π∫
0
dθ
ρ1ρ2
(6)
which can be considered as a modiﬁcation of the original Gordon-
Wixom interpolation scheme (2).
While the boundary value interpolation property of (2) does
not look obvious (it is proven rigorously in [11] for convex do-
mains), our modiﬁcation (6) can be considered as a continuous
variant of the Shepard interpolation scheme [23] (interesting
links between the Shepard interpolation approach and contin-
uous barycentric coordinates were discussed in [24]). Indeed
when x ∈ Ω approaches y ∈ ∂Ω, the denominator and numera-
tor of (6) demonstrate the following asymptotic behaviors
2π∫
0
dθ
ρ1ρ2
∼ C| x − y| and
2π∫
0
{
. . .
} dθ
ρ1ρ2
∼ C u(y)| x − y| ,
where C is some constant. These asymptotics can be estab-
lished, for example, by a technique similar to the one developed
in [25].
Gordon and Wixom [11] showed that (2) reproduces an har-
monic function if Ω is a circle. So does (6) because, due to the
intersecting chords theorem, the product ρ1ρ2 does not depend
on θ and, therefore, if Ω is a circle, (6) is reduced to (2).
While (6) is correctly deﬁned only if Ω is convex, it is not
diﬃcult to extend it to non-convex domains by using the al-
ternating sign procedure proposed initially by Hormann and
Floater for deﬁning the mean value coordinates in non-convex
polygons [3]. For example, in the situation shown in the right
image of Fig. 1 the Horman-Floater approach suggests to use
[
u(y1)
ρ1
+
u(y2)
ρ2
− u(y3)
ρ3
+
u(y4)
ρ4
]/[
1
ρ1
+
1
ρ2
− 1
ρ3
+
1
ρ4
]
(7)
instead of the expression in the curly braces in (6) and
1
ρ1
(
1
ρ2
− 1
ρ3
+
1
ρ4
)
(8)
2
instead of 1/(ρ1ρ2) in (6).
Another approach to extend (6) and similar schemes to non-
convex domains consists of considering only the ﬁrst intersec-
tions of Lθ with ∂Ω, as suggested in [26]. For the above exam-
ple, it means using u(y1)/ρ1 + u(y2)/ρ2 and 1/(ρ1ρ2) instead of
(7) and (8), respectively.
Pseudo-Poisson interpolation. Assume now that we want to
approximate the solution to
−Δu = f (x) for x ∈ Ω, u(y) = g(y) for y ∈ ∂Ω. (9)
Similar to the above, using (3) to approximate Δu, we arrive at
u(x) =
π
2
f (x)
/∫ 2π
0
dθ
ρ1ρ2
(10)
+
∫ 2π
0
{[
g(y1)
ρ1
+
g(y2)
ρ2
]/ [
1
ρ1
+
1
ρ2
]}
dθ
ρ1ρ2
/∫ 2π
0
dθ
ρ1ρ2
In particular, assuming that u(x) = 0 on ∂Ω and f (x) ≡ 1 yields
u(x) =
(
2
π
∫ 2π
0
dθ
ρ1ρ2
)−1
(11)
If Ω is a circle of radius R then the solution to (9) with
g ≡ 0 and f (x) ≡ 1 is given by
(
R2 − x2
)
/4. The same expres-
sion is obtained from (11) because, according to the intersection
chords theorem,
ρ1ρ2 = (R − |x|)(R + |x|) = R2 − |x|2.
Thus, taking into account that (6) reproduces harmonic func-
tions if Ω is a disk, we arrive at the following result.
Proposition 1. Let Ω be a disk and f ≡ const in Ω. Then (10)
delivers the exact solution to (9).
3. Hermite-type Gordon-Wixom interpolation
In their paper [11], Gordon and Wixom extended their ap-
proach to Hermite type interpolation. Similar to the linear case,
the cubic Gordon-Wixom interpolation scheme combines direc-
tional interpolation with angular averaging. Namely, consider
a planar convex domain Ω, a point x inside Ω, a straight line
Lθ passing through x, intersecting ∂Ω in two points y1 and y2,
and making an angle θ with some ﬁxed direction. The cubic
interpolation along Lθ yields
u(x, θ) =
(3ρ1 + ρ2)ρ22
(ρ1 + ρ2)3
u(y1) +
(ρ1 + 3ρ2)ρ21
(ρ1 + ρ2)3
u(y2) (12)
− ρ1ρ
2
2
(ρ1 + ρ2)2
u′(y1) +
ρ21ρ2
(ρ1 + ρ2)2
u′(y2),
where the derivatives are taken in the direction of e
θ
. Now aver-
aging of the above expression w.r.t. θ leads to the cubic Gordon-
Wixom interpolation scheme
u(x) =
1
2π
∫ 2π
0
u(x, θ) dθ. (13)
This transﬁnite interpolation scheme possesses remarkable prop-
erties: it has cubic precision (reproduces cubic bivariate poly-
nomials from their values on ∂Ω) and, in addition, reproduces
biharmonic functions if Ω is a disk.
This biharmonic reproduction property for (12), (13) was
conjectured in [11] and rigorously proved in [20]. Below we
investigate the link between (12), (13) and the biharmonic op-
erator Δ2, the so-called bi-Laplacian, in detail.
Approximate bi-Laplacian via circular averaging. In addition
to Taylor series (4) and (5) let us also consider similar expan-
sions for the ﬁrst-order derivatives
u′(x+ s1) = u′(x)+ s1u′′(x)+
s21
2
u′′′(x)+
s31
6
u(4)(x)+ . . . , (14)
u′(x− s2) = u′(x)− s2u′′(x)+
s22
2
u′′′(x)− s
3
2
6
u(4)(x)+ . . . , (15)
where as usual we assume that s1, s2  1. Taking the sum of
(4) with weight w1 = s22(3s1 + s2)/(s1 + s2)
3,
(5) with weight w2 = s21(s1 + 3s2)/(s1 + s2)
3,
(14) with weight w3 = −s1s22/(s1 + s2)2,
(15) with weight w4 = s21s2/(s1 + s2)
2,
respectively, we arrive at
u(x) − s
2
1s
2
2
24
u(4)(x) + higher-order terms.
Thus we have for the 4th-order derivative
u(4)(x) ≈ 24
s21s
2
2
[u(x) − w1u(x + s1) − w2u(x − s2)
− w3u′(x + s1) − w4u′(x − s2)]
Now let us approximate the 4th-order directional derivative of
u(x) in the direction e
θ
by
∂4u
∂e4
θ
(x) ≈ 24
ρ21ρ
2
2
[
u(x) − (3ρ1 + ρ2)ρ
2
2
(ρ1 + ρ2)3
u(y1) −
(ρ1 + 3ρ2)ρ21
(ρ1 + ρ2)3
u(y2)
+
ρ1ρ
2
2
(ρ1 + ρ2)2
u′(y1) −
ρ21ρ2
(ρ1 + ρ2)2
u′(y2)
]
(16)
One can easily check that
4
3π
∫ 2π
0
(
∂4u
∂e4
θ
)
dθ = Δ2u. (17)
Combining (16) and (17) for approximating the solution to the
biharmonic equation
Δ2u = 0 in Ω
accompanied by the standard Dirichlet boundary conditions we
arrive at
u(x) =
2π∫
0
{
(3ρ1 + ρ2)ρ22
(ρ1 + ρ2)3
u(y1) +
(ρ1 + 3ρ2)ρ21
(ρ1 + ρ2)3
u(y2) (18)
3
− ρ1ρ
2
2
(ρ1 + ρ2)2
∂u
∂e
θ
(y1) +
ρ21ρ2
(ρ1 + ρ2)2
∂u
∂e
θ
(y2)
}
dθ
ρ21ρ
2
2
/ 2π∫
0
dθ
ρ21ρ
2
2
which yields a simple modiﬁcation of the cubic Gordon-Wixom
interpolation scheme. This modiﬁcation also has a cubic preci-
sion and, in view of the intersection chords theorem, reproduces
biharmonic functions if Ω is a disk. In addition, similar to the
Laplacian case, (18) can be easily extended to non-convex do-
mains.
Approximate solution to the inhomogeneous biharmonic equa-
tion. Similar to the Laplacian case, we can use (16), (17) to ap-
proximate the solution to an inhomogeneous biharmonic equa-
tion. We can restrict ourselves to considering the homogeneous
Dirichlet boundary conditions for
Δ2u = f (x) for x ∈ Ω, (19)
as the case f ≡ 0 with inhomogeneous Dirichlet boundary con-
ditions is approximated by (18).
Now (16), (17) together with the homogeneous Dirichlet
boundary conditions (i.e., u(x) and its gradient vanish on ∂Ω)
yields the approximation
u(x) =
π
32
f (x)
/∫ 2π
0
dθ
ρ21ρ
2
2
(20)
Interestingly, similar to the Laplacian case considered ear-
lier, if Ω is a disk, then (20) with f ≡ const reproduces the true
solution to (19) subject to the homogeneous Dirichlet boundary
conditions. Namely, if Ω = {|x| < R} and f ≡ 1, then both (19)
and (20) produce the same result: u(x) = (R2 − |x|2)2/64.
4. Numerical experiments
Implementation. Evaluation of the Gordon-Wixom interpolants
(6), (10), (18) or (20) requires the computation of integrals over
[0, 2π]. In our experiments, these integrals are evaluated numer-
ically using the composite trapezoidal rule with n subintervals.
Quantitatively, the residual norm of the approximation given by
(10) w.r.t the exact solution u(x) = (4 − x2)/4 of −Δu = 1 on a
unit disk is given in Table 1 for diﬀerent number of integration
points. In all the experiments below, we use n = 100 subinter-
‖u − u˜‖2
5 points 5.082 10−2
10 points 2.541 10−2
50 points 5.082 10−3
100 points 2.541 10−3
Table 1: Residual ‖u−u˜‖2 for the modiﬁed Gordon-Wixom interpolation (u˜) ap-
proximating the solution of −Δu = 1 for the disk domain with diﬀerent number
of integration points.
vals, which delivers a suﬃciently good approximation for the
considered domains.
Figure 2: Comparison between an exact solution to −Δu = 1 and the Gordon-
Wixom interpolation. Left: Exact solution; Right: Solution obtained by (10).
Pseudo-Poisson interpolation. We consider ﬁrst applying (10)
to compute an approximation to the solution of the Poisson
problem with Dirichlet boundary conditions (9). For the par-
ticular case f (x) ≡ 1, an exact solution is given by: u(x) =
(R2 − x2)/4, for some value of R. We use R = 2 below. Bound-
ary conditions are obtained by evaluating the known solution
on the domain boundary. Figure 2 compares the exact solution
(left) to the solution obtained by the Gordon-Wixom interpolant
(10), right image, on convex domains (a unit disk and a square
with length 2). In both cases, the interpolant delivers a very
good approximation of the exact solution. This is conﬁrmed by
the plot of the point-wise error |u − u˜| in Fig. 3, where u is the
exact solution and u˜ the approximation obtained by the modi-
ﬁed Gordon-Wixom scheme. Table 3 shows the residual norm
‖u − u˜‖2 for these domains. Similar results are obtained for the
L1 and L∞ norms. This shows that the modiﬁed Gordon-Wixom
interpolant delivers a good approximation.
Figure 3: Absolute error for the approximation of −Δu = 1 by the modiﬁed
Gordon-Wixom scheme.
Approximate solution to the inhomogeneous biharmonic equa-
tion. Similarly we can use the results of Section 3 to compute
an approximate solution to the inhomogeneous biharmonic equa-
tion (19) with given boundary conditions. To verify the approx-
imation quality, we consider the particular case f (x) ≡ 1 for
which an exact solution is given by u(x) = (R2 − x2)2/64. We
use R = 2 in the computations below. The point-wise error
between the solution obtained by the modiﬁed Gordon-Wixom
interpolation and an exact solution is shown in Fig. 4. Quanti-
tatively, the L2 norm of the residual is given in Table 2 for the
4
Figure 4: Absolute errors for the approximation of Δ2u = 1 with the modiﬁed
Gordon-Wixom scheme.
same domains. It shows that the interpolation schemes deliver
again a very good approximation of the exact solution for the
case of the inhomogeneous biharmonic equation.
‖u − u˜‖2
Disk 1.227 10−4
Square 1.976 10−4
Table 2: Residual norm ‖u − u˜‖2 for the modiﬁed Gordon-Wixom interpolation
(u˜) approximating the solution of Δ2u = 1.
Figure 5: Comparison between an exact solution to −Δu = 1 and the Gordon-
Wixom interpolation on a non-convex domain. Left: Exact solution; Right:
Solution obtained by (10).
Approximation on non-convex domains. While the interpola-
tion schemes are derived for convex domains, we can experi-
ment to see how they behave on non-convex domains. In Fig. 5,
the exact solution u(x) = (4 − x2)/4 for the Poisson equation
−Δu = 1 is compared on a convex domain to the approxima-
tion given by (10). For a convex domain, ±e
θ
may intersect the
boundary at more than one point, we use for y1 (respectively
y2) the closest intersection point in the direction eθ (respectively
−e
θ
). In spite of the domain being concave, the approximation
is still very good. This is conﬁrmed quantitatively by the resid-
ual norm given in Table 3.
‖u − u˜‖2
Disk 2.541 10−3
Square 3.418 10−3
L shape 6.936 10−4
U shape 7.766 10−4
Table 3: Residual ‖u − u˜‖2 for the modiﬁed Gordon-Wixom interpolation (u˜)
approximating the solution of −Δu = 1.
Comparison against the original Gordon-Wixom interpolation
scheme. Figure 6 shows the point-wise error for the approxi-
mations obtained by the original (2), top images, and the mod-
iﬁed (6), bottom images, Gordon-Wixom interpolation against
an exact solution (u(x, y) = x3 −3xy2) for the Laplace equation:
Δu = 0. Table 4 gives the residual norms for both schemes.
From our experiments, the modiﬁed Gordon-Wixom scheme
(6) yields better results than the original scheme (2). Addi-
tionally, as described and demonstrated above, the modiﬁed
Gordon-Wixom scheme can be used to provide approximate so-
lutions to Poisson and inhomogeneous biharmonic equations.
original GW modiﬁed GW
Disk 4.885 10−3 4.439 10−5
Square 2.926 10−1 7.530 10−2
L 1.497 6.295 10−2
U 1.978 4.386 10−2
Table 4: Residual ‖u − u˜‖2 for the original and the modiﬁed Gordon Wixom
interpolation approximating the solution of Δu = 0.
Inﬂuence of the domain size.. Since the modiﬁed Gordon-Wixom
interpolation schemes are derived from Taylor series approxi-
mations, it is interesting to look at the inﬂuence of the domain
size on the approximation error. In the following, the previous
domains are uniformly scaled by 10. Tables 5 and 6 give the
residual norms for the Laplace equation Δu = 0 and the Pois-
son equation −Δu = 1 for the diﬀerent domain sizes. The same
number of integration points (100) is used for evaluating the
integrals for both domain sizes (original and scaled). As the
domain size increases, the error increases as well. Increasing
the number of integration points allows to decrease the error,
but at the expense of speed.
Original domain Scaled domain
Disk 4.439 10−5 4.439 10−1
Square 7.530 10−2 7.530 102
L 6.295 10−2 6.295 102
U 4.386 10−2 4.386 102
Table 5: Residual ‖u − u˜‖2 for the modiﬁed Gordon-Wixom interpolation (u˜)
approximating the solution of Δu = 0 for a domain and its uniformly scaled
version by 10.
Original domain Scaled domain
Disk 2.541 10−3 2.541
Square 3.418 10−3 3.418
L 6.936 10−4 6.936 10−1
U 7.766 10−4 7.766 10−1
Table 6: Residual ‖u − u˜‖2 for the modiﬁed Gordon-Wixom interpolation (u˜)
approximating the solution of −Δu = 1 for a domain and its uniformly scaled
version by 10.
5. Application to distance function approximation
In this section, we demonstrate brieﬂy how linear modiﬁed
Gordon-Wixom interpolation schemes can be used for distance
function approximation purposes. Eﬃcient computation of the
5
Figure 6: Absolute error for the approximation of Δu = 0 by the original (top) and the modiﬁed (bottom) Gordon-Wixom scheme.
distance ﬁelds and their approximations is important for a num-
ber of shape modeling applications including editing [27, 28],
heterogeneous material modeling [29], modeling of complex
geometric patterns [30], and surface reconstruction from scat-
tered point data [31].
A simple yet eﬃcient approach for a distance function ap-
proximation was proposed by Spalding [32] and further devel-
oped by Tucker [33] in connection to their studies of turbulence
phenomena [34] (see also references therein). The approach
consists of solving the Poisson equation
Δu = −1 in Ω, u(x) = 0 on ∂Ω (21)
and then applying a normalization procedure to u(x)
v(x) =
√
|∇u|2 + 2u − |∇u| = 2u
|∇u| + √|∇u|2 + 2u . (22)
Then v(x) delivers a highly accurate approximation of dist(x, ∂Ω)
near ∂Ω.
Practically, (21) is solved by meshing the domain and using
ﬁnite element analysis. Instead, we can use (10) as an approx-
imation of the solution to (21). The main advantage of (10)
is that, in contrast to (21), it is local: we can independently
compute (10) for each x ∈ Ω. Thus approximation (10) with
f (x) ≡ 1 can be used instead of (21) if one needs to estimate
the distance in a region of interest near ∂Ω.
Fig. 7 presents results of our numerical experiments with
approximating the distance function dist(x, ∂Ω) by (10) and (22)
for a geometrically complex domain. One can observe that our
approach deliver a very accurate approximation for dist(x, ∂Ω)
near ∂Ω.
6. Conclusion
In this paper, we have demonstrated how the Gordon-Wixom
interpolation approach can be extended to approximate solu-
tions to homogeneous and inhomogeneous harmonic (Laplace
and Poisson) and biharmonic equations. Although the con-
sidered approximations are not expected to be accurate every-
where in an arbitrary domain, they fairly reproduce the behav-
iors of the true solutions. So the considered boundary value in-
terpolations can be used as initial approximations for iterative
PDE solvers. In addition, our approximations become more and
more accurate, as the size of the domain decreases. So we hope
that the proposed approximations can ﬁnd applications in ﬁnite
element schemes developed for solving boundary value prob-
lems for elliptic PDEs involving the Laplacian and bi-Laplacian
operators. As an immediate application of our approach, we
show how it can be used for approximating the distance func-
tion.
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